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Family-Vicsek scaling is one of the most essential scale-invariant laws emerging in surface-
roughness growth of classical systems. In this Letter, we theoretically elucidate the emergence
of the Family-Vicsek scaling even in a strongly interacting quantum bosonic system by introducing
a surface-height operator. This operator is comprised of a summation of local particle-number op-
erators at a simultaneous time, and thus the observation of the surface roughness in the quantum
many-body system and its scaling behavior are accessible to current experiments of ultracold atoms.
Introduction.- Dynamic scaling is a hallmark of spatio-
temporal scale-invariance, which plays a pivotal role in
uncovering universal aspects behind complicated non-
equilibrium phenomena [1, 2]. The typical examples are
critical and coarsening dynamics [3–5], in which essential
information such as dimension and symmetry of a model
classifies universality of the dynamics. Such universal dy-
namics has been widely observed in both classical [6–9]
and quantum systems [10–17], being an arena for foun-
dations of non-equilibrium statistical mechanics.
Stochastic surface-growth is one of the long-standing
universal dynamics discussed in classical non-equilibrium
phenomena, where the roughness of the growing surface
shows universal spatio-temporal scale-invariance [18].
Consider a surface height h(x, t) in a one-dimensional
(1D) system with the linear size L. Then, the roughness
w(L, t) is quantified as the standard deviation of h(x, t)
from its spatial average. For a wide variety of stochas-
tic processes, the roughness obeys a dynamic scaling law
called the Family-Vicsek (FV) scaling [19, 20] (see Figs. 1
(a) and (b)):
w(L, t) = s−αw(sL, szt) ∝
{
tβ (t t∗);
Lα (t∗  t) (1)
with a constant s. Here, t∗ is a saturation time pro-
portional to Lz, and α, β, and z = α/β are power ex-
ponents featuring the universality of a stochastic surface
growth model. The typical models are the Kardar-Parisi-
Zhang (KPZ) model [21] and the Edwards-Wilkinson
(EW) model [22], whose universal exponents are shown in
Fig. 1(c). This kind of universality in stochastic surface
growth has been extensively explored in various classical
systems in the community of not only physics [23–29] but
also mathematics [30] and biology [31, 32].
It is then natural to ask whether or not such univer-
sal fluctuation dynamics can appear in a relaxation pro-
cess triggered by a parameter quench in quantum sys-
tems. Recent theoretical works study the KPZ universal-
ity class in quantum magnets by using the spin spatio-
temporal correlation function [33–35]. The similar scal-
ing behavior is also reported to emerge in the spatio-
temporal correlation function of the density and phase
fluctuations in a Bose-Einstein condensate, calculated by
means of the (stochastic) Gross-Pitaevskii equation [36–
43]. However, the effect of quantum fluctuations is yet to
be clear in these works: the formers consider maximally
mixed states, i.e., infinite-temperature states, whereas
the latters are within the mean-field approximation. In
addition, it is nontrivial whether the universal FV scaling
of the surface roughness occurs for far-from-equilibrium
relaxation dynamics. This is important for our under-
standing of quantum thermalization in isolated systems,
which is related to the basis of statistical mechanics. Sev-
eral experiments of ultracold atoms [44–51] have observed
the thermalization processes, but such long-time univer-
sal growth of fluctuations is little known.
In this Letter, we study fluctuation growth dynam-
time t
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FIG. 1. Family-Vicsek scaling and its exponents. (a) Time-
evolution of the surface roughness w(L, t) for two different
system sizes (L1 > L2). The surface roughness grows in time
and is finally saturated after the saturation time t∗. (b) Dy-
namic scaling of w(L, t). When we normalize the ordinate and
the abscissa by Lα and Lz, all curves collapse to a single one.
The saturation time t∗ is scaled as Lz with z = α/β. (c) Expo-
nents of four systems: Kardar-Parisi-Zhang (KPZ), Edwards-
Wilkinson (EW), Bose-Hubbard model (BHM) (ν  1 and
ν ' 1/2) with the filling factor ν. The exponents of the BHM
are obtained in this work.
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2ics in a 1D strongly interacting Bose-Hubbard model
(BHM) from the perspective of the FV scaling of the
surface roughness. The reason for using the roughness
instead of the correlation function is that the roughness
in the quantum system can be defined only by a local
quantity and hence easy to be observed experimentally.
In fact, employing analogy between fluctuating hydro-
dynamics and stochastic surface growth [52–55], we can
introduce a surface-height operator composed of local
particle-number operator in the BHM. By using the sur-
face height extended to the quantum system, we calculate
the surface roughness, and then demonstrate the emer-
gence of the FV scaling in the isolated quantum many-
body system. All the initial states used in this work are
low energy pure states and thus our findings are obtained
from the quantum dynamics triggered by purely quantum
fluctuations. We have demonstrated two possibilities of
the FV scaling exponents depending on the filling factor
ν, which are summarized in Fig. 1(c). We argue that the
exponents of the high-filling system follow the EW class
while the low-filling (close to 1/2) system belongs to an
unconventional class.
Theoretical model and setup.- We consider an N -boson
system trapped in a 1D optical lattice, which is well de-
scribed by the BHM [56–58]. The Hamiltonian is given
by
Hˆ = −J
M∑
j=1
(
bˆ†j+1bˆj + h.c.
)
+
U
2
M∑
j=1
bˆ†j bˆ
†
j bˆj bˆj , (2)
where bˆj and bˆ
†
j are the annihilation and creation opera-
tors at the jth site, respectively, J is a hopping param-
eter, U is an interaction coupling parameter, and M is
the number of lattice sites.
We introduce a surface-height operator to define sur-
face roughness in the quantum many-body system. The
key idea is the emergence of the KPZ scaling in classical
fluctuating hydrodynamics, where the correlation func-
tion of the density fluctuation δρ(x, t) shows a similar
scaling law in a correlation function of ∂xh(x, t) in the
KPZ equation [52–55]. From this analogy, we propose
the following integral quantity as a surface height in the
fluctuating hydrodynamics:∫ x
δρ(y, t)dy. (3)
Extending Eq. (3) to the 1D BHM, we introduce the fol-
lowing surface-height operator for the quantum discrete
system:
hˆj(t) =
j∑
k=1
(bˆ†k(t)bˆk(t)− ν), (4)
where ν = N/M is a filling factor. Then, the surface
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FIG. 2. Construction of the surface height in the spin-1
model. (a) Spin state |1, 0,−1, 0,−1, 1, 1, 0〉. The up-arrow,
vacant, and down-arrow boxes represent the eigenvalues 1, 0,
and −1 of Sˆzj , respectively. (b) Mapping rule for the local
spins. The eigenvalues 1, 0, and −1 are assigned to the di-
agonally upward, horizontal, and diagonally downward lines,
respectively. (c) Surface-height distribution for (a). The num-
bers are the eigenvalues of hˆj given by Eq. (8).
roughness wq(t) for the fluctuation of hˆj(t) is defined by
wq(M, t) =
√√√√ 1
M
M∑
j=1
〈(
hˆj(t)− hav(t)
)2〉
(5)
with the spatially averaged surface-height:
hav(t) =
1
M
M∑
j=1
〈hˆj(t)〉. (6)
Here, the bracket means a quantum average with an ini-
tial state. As far as we know, none of the works have
introduced the surface-height operator.
In what follows, we consider the BHM with the strong
repulsive interaction (J  νU), which allows one to trun-
cate the local Fock states into a few ones because the
fluctuations of the particle number should be suppressed.
Then, the BHM can be effectively described by spin mod-
els depending on the filling factor ν. Below, we investi-
gate the roughness dynamics for large-filling (ν  1) and
low-filling (ν < 1) cases. The large-filling case can be
solved by means of the SU(3) truncated Wigner approxi-
mation (TWA) method if ν satisfies νJ  U , whereas the
low-filling is exactly solvable using the Jordan-Wigner
transformation.
Results (high-filling case).- We study the surface
roughness growth when the filling factor ν is much larger
than unity. Due to the strong interaction, we can trun-
cate the local Fock states into |ν + 1〉, |ν〉, |ν − 1〉. Em-
ploying the truncated states, we can rewrite the original
Hamiltonian (2) as the effective spin-1 model [59–62]:
HˆS1 = −νJ
∑
〈i,j〉
(
Sˆxi Sˆ
x
j + Sˆ
y
i Sˆ
y
j
)
+
U
2
∑
j
(
Sˆzj
)2
(7)
with the spin-1 operator Sˆµj (µ = x, y, z). The derivation
of this model is given in Supplementary material (SM)
[63]. In the spin representation, the density fluctuation
at the jth site is expressed by Sˆzj , and thus the surface-
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FIG. 3. Snapshots for the Weyl representations of (a) Sˆzj and
(b) hˆj at different time in a single trajectory of the TWA cal-
culation. We denote these representations by S˜zj and h˜j . The
time is normalized by τ = ~/νJ . While the spin distributions
exhibit no significant structures by eye, the distributions of
the surface height clearly grow with the large-scale fluctua-
tions, which is similar to the classical surface growth.
height operator (4) reads
hˆj(t) =
j∑
k=1
Sˆzk(t). (8)
Figure 2 illustrates schematic mapping from a given
Fock state to a surface-height distribution. The distribu-
tion is constructed by the mapping rule that the eigenval-
ues 1, 0, and −1 of Sˆzj are assigned to diagonally upward,
horizontal, and diagonally downward lines, respectively.
This kind of mapping is originally developed in the sim-
ple exclusion processes [64–67], where the surface height
is given by a time integral of currents. We can derive
a similar relation for the case of the BHM with defining
the current operator Iˆj = iJ(bˆ
†
j bˆj−1 − bˆ†j−1bˆj)/~:
hˆj(t) =
∫ t
0
(Iˆ0(t1)− Iˆj+1(t1))dt1, (9)
suggesting that there is a closer connection between the
quantum roughness dynamics and the simple exclusion
processes. Equation (9) is obtained by integrating the
Heisenberg equation for hˆj , and is almost same as the
surface height in this processe except for Iˆ0.
We numerically solve the Schro¨dinger equation with
(7) using the SU(3) TWA method [68], and calculate
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FIG. 4. Time evolution of wq(M, t) for the effective spin-
1 Hamiltonian (7) with νJ/U = 0.1. The system sizes are
M = 32, 64, 128, and 256, and the curves are obtained using
1000 samples. The ordinate and the abscissa are normalized
by (M/Mref)
α and (M/Mref)
z. All the curves show the FV
scaling with the extracted exponents α ' 0.517, β ' 0.241,
and z ' 2.07. The way to extract them is described in SM
[63]. The roughness wq(M, t) obeys the power law growth
and the exponent is close to 1/4. (Inset) Raw numerical data
calculated by the SU(3) TWA method.
the surface roughness wq(M, t). The numerical method
works well under the condition νJ  U , which is con-
firmed in SM by comparing with the exact numerical re-
sult [63]. The initial condition is chosen as the Mott
state:
|ψini〉 =
M∏
j=1
1√
ν!
(bˆ†j)
ν |0〉 (10)
with the vacuum |0〉.
Figure 3 shows the snapshots of Sˆzj and hˆj at differ-
ent times in a single trajectory of the TWA calculation,
from which we find that the surface-height distributions
show clear growth of the large-scale fluctuations in time,
whereas the spin distributions (density fluctuations) do
not grow. The surface-height dynamics looks similar to
stochastic surface growth in classical models.
We numerically calculate wq(M, t) and find that the
roughness grows with increasing t and M as shown in
Fig. 4(a). The FV scaling is expressed by wq(M, t) =
s−αwq(sM, szt). Substituting s = Mref/M with the ref-
erence system size Mref = 32 into this scaling relation,
we obtain
wq(M, t) =
(
M
Mref
)α
wq(Mref , t(M/Mref)
−z). (11)
Normalizing the ordinate and the abscissa in Fig. 4(a)
by (M/Mref)
α and (M/Mref)
z, respectively, we find that
the curves for different system sizes collapse to a single
function as in Fig. 4(b), which is the definite hallmark
of the FV scaling. The extracted exponents are given by
(α, β, z) ' (0.52, 0.24, 2.2) (see Eq. (15) for the analytical
evaluation of α), which are almost identical to the expo-
nents of the EW class (see Fig. 1(c)). Here, we obtain the
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FIG. 5. Time evolution of wq(M, t) in the XX model (12)
starting from the staggered initial state (14). The ordi-
nate and the abscissa are normalized by (M/Mref)
α and
(M/Mref)
z. The surface roughness shows the power-law
growth up to the saturation time, after which small oscilla-
tions emerge. Except the very early stage, the growth of the
surface roughness shows the FV scaling. The extracted expo-
nents are α ' 0.501, β ' 0.484, and z ' 1.00. (Inset) Raw
data calculated by the exact solution. The time is normalized
by τ ′ = ~/2J .
values of the exponents by using Eq. (11) and fitting the
numerical data for 2 < t/τ < 80 to ctβ with a constant c.
The details of extracting the exponents are given in SM
[63]. Such a FV scaling is not found for the fluctuations
of Sˆzj .
Note that the initial dynamics (t/τ . 0.5) shows the
different type of growth. We expect that this regime
strongly depends on the initial state and is non-universal
because the time scale is shorter than the hopping time
τ . Thus, it is natural that the data in the region do not
obey the FV scaling.
Next, we consider surface roughness dynamics under
the condition νJ ' U with the high filling ν  1,
in which the SU(3) TWA calculation is not valid. In
small systems with νJ = U , we numerically calculate the
roughness by directly integrating the Schro¨dinger equa-
tion, and find a signature of the power-law growth in the
roughness. However, because the time region having the
power-law-like behavior is short, we cannot confirm the
clear FV scaling and determine the exponents. These
results are described in SM [63].
Results (low-filling case).- We consider the BHM with
the half filling ν = 1/2. Due to the strong repulsive inter-
action, the bases of the local Fock states can be reduced
to |0〉 and |1〉. As a result, the Hamiltonian (2) becomes
the XX model [69]:
HˆXX = −2J
M∑
j=1
(
sˆxj+1sˆ
x
j + sˆ
y
j+1sˆ
y
j
)
+ const.
(12)
The spin-1/2 operators sˆαj (α = x, y, z) are given by
sˆxj =
(
bˆ†j + bˆj
)
/2, sˆyj = −i
(
bˆ†j − bˆj
)
/2, and sˆzj = bˆ
†
j bˆj −
1/2, which satisfy the commutation relation [sˆαi , sˆ
β
j ] =
iδij
∑
γ αβγ sˆ
γ
j . The density fluctuation is given by sˆ
z
j ,
and thus the surface-height operator (4) reduces to
hˆj =
j∑
k=1
sˆzk. (13)
Similarly to Fig. 2, we can construct the surface-height
distribution by assigning an up (down) spin to a diag-
onally upward (downward) line. As an initial state, we
use a staggered state given by
|ψini〉 =
M/2∏
j=1
bˆ†2j−1|0〉, (14)
where M is assumed to be even. Under this setup, we
exactly solve the Heisenberg equation with Eq. (12) by
employing the Jordan-Wigner transformation [69], and
calculate the exact time evolution of the surface rough-
ness (5). The detail of the algebraic calculations is given
in SM [63].
Figure 5 shows the exact time evolution of wq(M, t) for
different system sizes, which demonstrates growth of the
surface roughness. Normalizing the ordinate and the ab-
scissa in a similar manner to Eq. (11), we find that all the
different curves collapse to a single function except for the
very early and late stages of the dynamics. The extracted
power-law exponents are (α, β, z) ' (0.501, 0.484, 1.00).
We also investigate the dependence of the exponents on
the filling factor ν and confirm that the similar expo-
nents emerge in the late dynamics unless ν is far from
1/2 as described in SM [63]. As far as we know, the clas-
sical models do not have these exponents, which suggests
that this system belongs to an unconventional universal-
ity class.
Discussion.- As summarized in Fig. 1(c), the exponent
α = 1/2 seems to be model-independent. It can be ana-
lytically derived using the eigenstate thermalization hy-
pothesis (ETH) [70–73] and the cluster decomposition:
lim
t→∞w
2
q(M, t) '
C
2
(M + 1), (15)
where C is the constant. Thus, in a large system, we
obtain α = 1/2. The detail of the derivation is given in
SM [63]. Note that this cannot explain α = 1/2 in the
XX model since the derivation is based on ETH, which is
not valid in the free-fermion model. As for the exponent
β, we have not analytically obtained the value and leave
it in the future work.
Finally, we discuss possible experiments for observing
the FV scaling. Experiments in ultracold atomic gases
have already realized the BHM [56], and particularly
observed the thermalization processes starting from the
staggered state used in our work [49]. Our exact results
for Eq. (12) predict that the signature of the FV scal-
ing can be detectable even in the relatively small system
sizes M = 32 and 64 as shown in Fig. 5. Furthermore, the
5surface-height operator is the summation of the density
operator at a simultaneous time and thus observation
of the roughness is easier than that of spatio-temporal
correlation functions. It is also interesting to investigate
roughness growth in the parameter region such as νU ∼ J
beyond the current numerical calculations.
Conclusions and prospects.- We have theoretically
studied the surface roughness dynamics in the strongly
interacting 1D Bose gas. Employing the analogy between
the stochastic surface growth and the fluctuating hydro-
dynamics, we have introduced the surface-height opera-
tor in the BHM, and then have demonstrated the emer-
gence of the FV scaling in an isolated quantum many-
body system starting from the genuine pure states. The
extracted exponents in the high-filling case correspond to
the EW class while in the low-filling case the exponents
are found to be unconventional with no corresponding
classical models.
As future works, it is interesting to consider quantum
thermalization in isolated systems from the viewpoint of
the surface-roughness growth. As pointed out in Fig. 2,
the relation between simple exclusion processes and the
quantum roughness growth can open an interesting av-
enue for connecting quantum thermalization dynamics
and classical stochastic processes. It is also interest-
ing to investigate the relation with universal dynamics
for certain nonlocal quantities such as entanglement en-
tropy and operator spreading [74–77], which are in stark
contrast to our finding because the surface-height oper-
ator is a summation of local operators. As another di-
rection, it is important to pursuit further connections
between classical and quantum roughness growth by fo-
cusing on higher-order cumulants of surface fluctuations,
which may reveal the Tracy-Widom random matrix uni-
versality characteristic of the KPZ classes [23–29].
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8SUPPLEMENTAL SUPPLEMENTAL FOR “FAMILY-VICSEK SCALING OF ROUGHNESS GROWTH
IN A STRONGLY INTERACTING BOSE GAS”
This document describes the following topics:
(I) derivation of the effective spin-1 model,
(II) SU(3) TWA method in the effective spin-1 model,
(III) derivation of the exponent α = 1/2 in the effective spin-1 model,
(IV) exact solution of the surface roughness in the XX model,
(V) method for extracting the exponents in the surface roughness growth.
I. DERIVATION OF THE EFFECTIVE SPIN-1 MODEL
We derive the effective spin-1 model (7) from the Bose-Hubbard model (BHM) (2) in the main text, which was
originally obtained by Altman and Auerbach [59]. The situation considered here is that the filling factor ν is much
larger than unity and that the interaction energy νU is much larger than J . Due to the latter assumption, we safely
assume that the density fluctuations are strongly suppressed, and thus can truncate the local Fock state at a site j
into three states |ν− 1〉j , |ν〉j , and |ν+ 1〉j . Employing the truncated Hilbert space, we can derive the effective spin-1
model. In the following, we follow Ref. [61].
First, we introduce the following bosonic operators aˆm,j and aˆ
†
m,j (m = 1, 0,−1):
|ν +m〉j = aˆ†m,j |0〉j , (S-1)
j〈ν +m| = j〈0|aˆm,j , (S-2)
1∑
m=−1
aˆ†m,j aˆm,j = 1. (S-3)
The last equation gives a constraint that excludes multiplied states, e.g., aˆ†m,j aˆ
†
p,j |0〉j . Then, the original creation
operator bˆ†j of a boson can be expressed by
bˆ†j =
1∑
m=−1
√
ν +m+ 1aˆ†m+1,j aˆm,j (S-4)
with the total particle number Ntot. The operator for the particle number at the jth site is given by
ρˆj =
1∑
m=−1
(ν +m)aˆ†m,j aˆm,j . (S-5)
Second, we use the bosonic operators aˆm,j and aˆ
†
m,j to transform the BHM to the effective spin-1 model. Due to
the large filling factor (ν  1), bˆ†j can be simplified to
bˆ†j '
√
ν
(
aˆ†1,j aˆ0,j + aˆ
†
0,j aˆ−1,j
)
(S-6)
=
√
ν
2
Sˆ+j , (S-7)
where we define the spin raising operator Sˆ+j . The other spin operators are defined by
Sˆ−j :=
√
2(aˆ†0,j aˆ1,j + aˆ
†
−1,j aˆ0,j), (S-8)
Sˆz := aˆ
†
1,j aˆ1,j − aˆ†−1,j aˆ−1,j . (S-9)
9The spin operators satisfy the angular-momentum commutation relation. Under the same approximation, the particle-
number operator reads
ρˆj − ν ' aˆ†1,j aˆ1,j − aˆ†−1,j aˆ−1,j (S-10)
= Sˆzj . (S-11)
Substituting all the above operators (S-7) – (S-11) into the BHM (2) in the main text, we obtain
Hˆ = −J
M∑
j=1
(
bˆ†j+1bˆj + h.c.
)
+
U
2
M∑
j=1
bˆ†j bˆ
†
j bˆj bˆj , (S-12)
= −νJ
2
M∑
j=1
(
Sˆ+j+1Sˆ
−
j + h.c.
)
+
U
2
M∑
j=1
(
ν + Sˆzj − 1
)(
ν + Sˆzj
)
, (S-13)
= −νJ
2
M∑
j=1
(
Sˆ+j+1Sˆ
−
j + h.c.
)
+
U
2
M∑
j=1
(
Sˆzj
)2
− µ
M∑
j=1
Sˆzj + const. (S-14)
with µ = −νU + U/2. This Hamiltonian is invariant under global spin rotation along the z-axis and commutable
with the spatially averaged magnetization
∑M
j=1 Sˆ
z
j /M . Thus, this operator gives a trivial constant, which becomes
zero for the initial Mott state considered in the main text the constant. Therefore, we can simplify the Hamiltonian
(S-14) to
HˆS1 = −νJ
2
M∑
j=1
(
Sˆ+j+1Sˆ
−
j + h.c.
)
+
U
2
M∑
j=1
(
Sˆzj
)2
+ const. (S-15)
In what follows, we neglect the trivial constant.
II. SU(3) TWA METHOD IN THE EFFECTIVE SPIN-1 MODEL
A. Formulation
Our numerical approach for the effective spin-1 model is the SU(3) truncated Wigner approximation (TWA) [68].
The key ingredient of the method is to use the unitary-transformed Gell-Mann matrices (Gα)βγ , which are one of the
representations for the SU(3) Lie algebra given by
G1 =
1√
2
0 1 01 0 1
0 1 0
 , G2 = i√
2
0 −1 01 0 −1
0 1 0
 , G3 =
1 0 00 0 0
0 0 −1
 , (S-16)
G4 =
i√
2
0 0 10 0 0
1 0 0
 , G5 =
0 0 i0 0 0
i 0 0
 , G6 = 1√
2
 0 −1 0−1 0 1
0 1 0
 , (S-17)
G7 =
i√
2
 0 1 0−1 0 −1
0 1 0
 , G8 = 1√
3
−1 0 00 2 0
0 0 −1
 . (S-18)
First, we define the SU(3) operators as
Tˆα,j =
1∑
β,γ=−1
aˆ†β,j(Gα)βγ aˆγ,j , (S-19)
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which obeys the SU(3) commutation relation [Tˆα,j , Tˆβ,k] = δjk
∑8
γ=1 fαβγ Tˆγ,j with the structure factor fαβγ . Second,
employing these operators, we rewrite the effective spin-1 Hamiltonian (S-15) as
HˆS1 = −νJ
M∑
j=1
(
Tˆ1,j Tˆ1,j+1 + Tˆ2,j Tˆ2,j+1
)
︸ ︷︷ ︸
quartic form with the operators aˆα,j
+
U
2
M∑
j=1
(
2
3
− 1√
3
Tˆ8,j
)
︸ ︷︷ ︸
quadratic form with the operators aˆα,j
, (S-20)
where we have used the following relations:
Tˆ1,j = Sˆx,j (S-21)
Tˆ2,j = Sˆy,j (S-22)
Tˆ3,j = Sˆz,j (S-23)
Tˆ8,j =
2√
3
−
√
3
(
Sˆzj
)2
. (S-24)
Here, Eqs. (S-21)-(S-23) are obtained by the fact that the matrices G1, G2, and G3 are identical to the spin-1 matrices.
In addition, Eq. (S-24) comes from
√
3G8 = 2E − 3G23 with a 3× 3 identity matrix E.
When the hopping parameter J is zero, we can exactly solve the Shro¨dinger equation of Eq. (S-20) because the
Hamiltonian is quadratic in terms of the bosonic operators aˆα,j and aˆ
†
α,j . In this case, the TWA becomes exact. In
the regime νJ  U , the interaction term is dominant in comparison with the hopping one, and thus the quantum
many-body dynamics can be well approximated by the SU(3) TWA. In the next subsection, we discuss the validity
of the TWA using the comparison with exact numerical simulations.
We explain how to apply the TWA to Eq. (S-20) [68]. A quantum average for a physical quantity Aˆ is given by
〈Aˆ〉 = 〈ψ(t)|Aˆ|ψ(t)〉 (S-25)
=
∫ {∏
α,i
dXα,i(0)
}
PW({Xα,i(0)})
[
Aˆ(t)
]
W
({Xα,i(0)}) (S-26)
'
∫ {∏
α,i
dXα,i(0)
}
PW({Xα,i(0)})AW({Xα,i(t)}). (S-27)
Here, Xα,i(0), PW({Xα,i(0)}) and
[
Aˆ(t)
]
W
({Xα,i(0)}) are the Weyl representations for Tˆα,i(0), |ψ(0)〉〈ψ(0)|, and Aˆ(t),
respectively. In the third line, we use the TWA, in which AW({Xα,i(t)}) is calculated from the Weyl representation
of Aˆ(0) (denoted by AW(· · · )) and the classical variables Xα,i(t) obeying
~
∂
∂t
Xα,j = fαβγ
∂Hw
∂Xβ,j
Xγ,j , (S-28)
Hw = −νJ
M∑
j=1
(
X1,jX1,j+1 +X2,jX2,j+1
)
+
U
2
M∑
j=1
(
2
3
− 1√
3
X8,j
)
. (S-29)
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The concrete expressions are given by
~
∂
∂t
X1,j = −νJX3,j
(
X2,j+1 +X2,j−1
)
+
U
2
X7,j , (S-30)
~
∂
∂t
X2,j = νJX3,j
(
X1,j+1 +X1,j−1
)
− U
2
X6,j , (S-31)
~
∂
∂t
X3,j = νJ
{
X1,j
(
X2,j+1 +X2,j−1
)
−X2,j
(
X1,j+1 +X1,j−1
)}
, (S-32)
~
∂
∂t
X4,j = νJ
{
X7,j
(
X1,j+1 +X1,j−1
)
+X6,j
(
X2,j+1 +X2,j−1
)}
, (S-33)
~
∂
∂t
X5,j = νJ
{
X7,j
(
X2,j+1 +X2,j−1
)
−X6,j
(
X1,j+1 +X1,j−1
)}
, (S-34)
~
∂
∂t
X6,j = νJ
{
X5,j
(
X1,j+1 +X1,j−1
)
−X4,j
(
X2,j+1 +X2,j−1
)
−
√
3X8,j
(
X2,j+1 +X2,j−1
)}
+
U
2
X2,j ,(S-35)
~
∂
∂t
X7,j = νJ
{(√
3X8,j −X4,j
)(
X1,j+1 +X1,j−1
)
−X5,j
(
X2,j+1 +X2,j−1
)}
−U
2
X1,j , (S-36)
~
∂
∂t
X8,j =
√
3νJ
{
X6,j
(
X2,j+1 +X2,j−1
)
−X7,j
(
X1,j+1 +X1,j−1
)}
. (S-37)
According to Eq. (S-27), we sample initial classical variables Xj,α(0) from the Wigner function PW({Xj,α(0)}), and
subsequently we solve Eqs. (S-30)–(S-37) and then calculate AW({Xj,α(t)}). Repeating this procedure many times,
we take the ensemble average for AW({Xj,α(t)}) and then obtain 〈Aˆ〉 in Eq. (S-27).
Finally, we comment on the Wigner function PW({Xj,α(0)}) that generates the initial condition. The initial
quantum state considered in the main text is the Mott state:
|ψ(0)〉 =
M∏
j=1
1√
ν!
(bˆ†j)
ν |0〉 (S-38)
with the vaccum |0〉. In general, it is difficult to take the ensemble average for the Mott state exactly and the previous
literatures use the Gaussian approximation [62, 68]. Employing the method developed in Ref. [68], we obtain the
following Wigner function:
PW({Xi,α}) = A
M∏
j=1
exp
[
−1
2
(
X21,j +X
2
2,j +X
2
6,j +X
2
7,j
)]
δ(X3,j)δ(X4,j)δ(X5,j)δ(X8,j − 2√
3
), (S-39)
where we use the notation Xi,α for Xi,α(0) for brevity and A is the normalization constant. Therefore, the initial
condition for Eqs. (S-30)–(S-37) is given by
X1,j = R1,j , (S-40)
X2,j = R2,j , (S-41)
X3,j = 0, (S-42)
X4,j = 0, (S-43)
X5,j = 0, (S-44)
X6,j = R3,j , (S-45)
X7,j = R4,j , (S-46)
X8,j =
2√
3
, (S-47)
where Rα,j is independently sampled by the standard normal distribution. The detailed formulation of the SU(3)
TWA is described in Ref. [68].
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FIG. S-1. (a) Numerical results of the surface roughness for the SU(3) TWA method (green dashed line) and FQD (yellow
solid line). The lattice number is M = 10 and the other parameters satisfies νJ/U = 0.1, which is same as those of Fig. 4 in
the main text. The inset shows the relative difference between the two methods. (b) Time evolution of the fidelity in the FQD.
In the early stage of the dynamics, the fidelity decreases in time. However, around t/τ ∼ 0.3, we find that the fidelity increases
and then the system exhibits quantum revival over time. The TWA result begins to deviate the FQD one after the emergence
of the revival. This behavior is due to small system sizes.
10−2 10−1 100 101
t/τ
0.4
0.6
0.8
1.0
fid
el
it
y
|〈ψ
(0
)|ψ
(t
)〉|
2
(a)
Fpeak
M = 4
M = 8
M = 12
4 6 8 10 12 14
M
0.75
0.80
0.85
0.90
0.95
F
ir
st
p
ea
k
F
p
ea
k
(b)
FIG. S-2. (a) Time evolution of the fidelity for M = 4, 8, and 12 for νJ/U = 0.1. As the system size becomes larger, the fidelity
decreases. The arrows indicate the positions of the first peaks. (b) Dependence of the first-peak height Fpeak on the system
size M . As the system size increases, the peak becomes small.
B. Comparison with the SU(3) TWA and full quantum dynamics
We directly solve the Schro¨dinger equation of Eq. (S-15), calculating the surface roughness in full quantum dynamics
(FQD), and compare it with the numerical results obtained by the SU(3) TWA. In the FQD, we numerically obtain
the state vector using the Crank-Nicolson method.
Figure S-1(a) shows time evolution of the surface roughness. We find that the surface roughness growths calculated
by both methods show excellent agreement in the early stage of the dynamics. In the late stage where the surface
roughness is saturated, however, the deviation becomes large as shown in the inset. We expect that this deviation
is caused by quantum revival. In fact, as shown in Fig. S-1(b), fidelity |〈ψ(0)|ψ(t)〉|2 in the FQD shows the large
oscillation without decaying, and the onset time of the revival is close to the time at which the error in the inset of
Fig. S-1 begins to increase. It is known that such revivals cannot be described by the TWA [78] and the validity of
TWA gets better as quantum revivals are weakened.
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FIG. S-3. (a) Numerical results of the surface roughness in the FQD with νJ/U = 1. The system sizes are M = 4, 6, 8, 10, 12
and 14. As the system size increases, signatures of a power-law-like growth become clearer in t/τ > 0.6 although the time
regime is narrow. The dashed guide line is proportional to t0.3. (b) Time evolution of the fidelity. When the system size is
small, the fidelity shows the quantum revival. However, the behavior is suppressed as the system size becomes larger.
We systematically investigate the fidelity by changing the system size M as shown in Fig. (S-2)(a), from which
we find that the fidelity decreases as the system size increases. Figure S-2(b) plots the first-peak height Fpeak of the
fidelity as a function of the system size. When we extrapolate the data using a linear function, the fidelity becomes
quite small in M > 60. Thus, we expect that the quantum revival does not occur in such a large system, and that
the SU(3) TWA method works well.
C. Time evolution of the surface roughness beyond the SU(3) TWA
We consider FQD for νJ/U ' 1, in which the SU(3) TWA method does not work well. Figure S-3 shows the
numerical results for νJ/U = 1 and M = 4, 6, 8, 10, 12, and 14. In Fig. S-3(a), we find a signature of power-law-like
growth in t/τ > 0.6. However, we cannot determine the power exponents because the time regime of the power-law
growth is narrow. Here, the growth at the early stage of the dynamics (t/τ < 0.5) is quite similar to Fig. 4 in the
main text, and we expect that this is non-universal because the time region is much smaller than the hopping time
scale τ = ~/νJ .
We also calculate the fidelity of the FQD in Fig. S-3(b), and find that it rapidly decays to zero without quantum
revival in the larger systems, for which the power-law-like growth of the roughness is obtained. On the other hand, the
small systems show the quantum revival and do not have any signatures of the power-law-like growth. The oscillation
of fidelity is correlated to that of the roughness.
This result suggests that the quantum revival breaks the power-low growth for the FV scaling. It also supports our
argument for νJ  U in the previous subsection that the SU(3) TWA becomes valid when the system size is large
enough so that the quantum revival does not occur.
III. DERIVATION OF THE EXPONENT α = 1/2 IN THE EFFECTIVE SPIN-1 MODEL
In the main text, numerically calculating the roughness in the effective spin-1 model, we find the exponent α ' 0.517
in the FV scaling as shown in Fig. 4. This section gives an analytical derivation of the exponent by employing the
eigenstate thermalization hypothesis (ETH) [72, 73].
By definition, we readily obtain
w2q(t,M) =
1
M
M∑
j=1
〈hˆ2j (t)〉 − h2av(t). (S-48)
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We estimate each term in Eq. (S-48). Let us start with the second term
hav(t) =
1
M
M∑
j=1
j∑
k=1
〈Sˆzk(t)〉. (S-49)
The effective spin-1 Hamiltonian (S-15) is invariant under global spin-rotation along the z-axis, which leads to the
total spin-conservation given by
M∑
k=1
〈Sˆzk(t)〉 = 0, (S-50)
where we use the fact that the initial Mott state (10) in the main text has zero magnetization. Since the system
respects spatial translation symmetry, we obtain 〈Sˆzi (t)〉 = 〈Sˆzj (t)〉 for i 6= j. Combining this relation with Eq. (S-50),
we find
〈Sˆzk(t)〉 = 0. (S-51)
Thus, the spatial averaged surface-height becomes
hav(t) = 0. (S-52)
As for the first term, we can approximately estimate the dependence on the system size M ,
lim
t→∞
1
M
M∑
j=1
〈hˆ2j (t)〉 = lim
t→∞
1
M
M∑
j=1
j∑
k=1
j∑
l=1
〈Sˆzk(t)Sˆzl (t)〉, (S-53)
' 1
M
M∑
j=1
j∑
k=1
j∑
l=1
〈Sˆzk Sˆzl 〉T (S-54)
where we have assumed the ETH and replace the quantum average by the thermal canonical one with the effective
temperature T . To evaluate the two-point spin correlation function in Eq. (S-54), we note that a one-dimensional
system with local interactions does not have any long-range orders at finite temperature, and thus safely assume
cluster decomposition given by
〈Sˆzk Sˆzl 〉T ' 〈Sˆzk〉T 〈Sˆzl 〉T +Be−|k−l|/ξ (|k − l|  ξ) (S-55)
= Be−|k−l|/ξ (|k − l|  ξ), (S-56)
where B is a constant and ξ is a coherence length which is the order of the lattice constant. Here, we have used
Eq. (S-51) to obtain the second line. This allows one to approximate the summation of the spin correlation function
as follows:
j∑
l=1
〈Sˆzk Sˆzl 〉T '
j∑
l=1
|k−l|.ξ
〈Sˆzk Sˆzl 〉T +
j∑
l=1
|k−l|ξ
〈Sˆzk Sˆzl 〉T (S-57)
'
j∑
l=1
|k−l|.ξ
〈Sˆzk Sˆzl 〉T (S-58)
' C, (S-59)
where C is the constant whose order is ξ. In the second line, we neglect the exponentially small term. Substituting
Eq. (S-59) into Eq. (S-54), we obtain
lim
t→∞
1
M
M∑
j=1
〈hˆ2j (t)〉 '
1
M
M∑
j=1
j∑
k=1
C, (S-60)
' C
2
(M + 1) (S-61)
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Finally, we substitute Eqs. (S-52) and (S-61) into Eq. (S-48), and derive
lim
t→∞w
2
q(t,M) '
C
2
(M + 1). (S-62)
Thus, in a large system, we obtain α = 1/2.
IV. EXACT SOLUTION OF THE SURFACE ROUGHNESS IN THE XX MODEL
Using the XX model (12) in the main text, we give an analytical expression of the surface roughness wq(M, t) with
a filling factor ν (0 < ν < 1).
A. Jordan-Wigner transformation
The XX model can be exactly solved using the Jordan-Wigner transformation defined by
sˆ−j = exp
(
−ipi
j−1∑
k=1
fˆ†k fˆk
)
fˆj , (S-63)
sˆ+j = exp
(
ipi
j−1∑
k=1
fˆ†k fˆk
)
fˆ†j (S-64)
sˆzj = fˆ
†
j fˆj −
1
2
, (S-65)
where fˆj and fˆ
†
j are annihilation and creation fermionic operators. The Jordan-Wigner transformation maps the XX
Hamiltonian (12) into
HˆXX = −A
M∑
j=1
(
fˆ†j+1fˆj + fˆ
†
j fˆj+1
)
+const. (S-66)
with a constant A = 2J . Thus, the original Hamiltonian becomes the free fermion model, for which we can exactly
obtain the eigenvalues and eigenstates.
B. Exact diagonalization
We diagonalize Eq. (S-66) with the periodic boundary condition and assume that the lattice number M is even.
The annihilation operator can be expanded as
fˆj =
1√
M
∑
α∈Ω
dˆαe
iαj , (S-67)
Ω =
{
± pi
M
,±3pi
M
, · · · ,±pi(M − 1)
M
}
(S-68)
with a fermionic operator dˆα in the wavenumber space. Substituting Eq. (S-67) into Eq. (S-66), we obtain
HˆXX =
∑
α∈Ω
Eαdˆ
†
αdˆα + const., (S-69)
Eα = −2Acos(α). (S-70)
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C. Expression of the surface-height operator in terms of the fermions
We express the density fluctuation δρˆj in terms of the fermionic operators:
δρˆj = bˆ
†
j bˆj − ν (boson representation) (S-71)
= sˆzj +
1
2
− ν (spin representation) (S-72)
= fˆ†j fˆj − ν (fermion representation). (S-73)
Then, the surface-height operator is given by
hˆj(t) =
j∑
k=1
δρˆk(t), (S-74)
=
j∑
k=1
fˆ†k fˆk − νj. (S-75)
D. Exact time evolution of the surface roughness
Employing the exact eigenenergy (S-70) and the transformation (S-67), we calculate time evolution of the roughness
(5) using Eq. (S-48). In what follows, we use the Heisenberg representation and obtain
dˆα(t) = dˆα(0)exp
(
−iEαt
~
)
. (S-76)
Thus, in the real space, the annihilation operator is given by
fˆj(t) =
1√
M
∑
α∈Ω
dˆα(0)exp
(
iαj − iEαt
~
)
(S-77)
=
1√
M
∑
α∈Ω
[
1√
M
M∑
k=1
fˆk(0)e
−iαk
]
exp
(
iαj − iEαt
~
)
(S-78)
=
M∑
k=1
fˆk(0)g(j, k, t), (S-79)
where we define
g(j, k, t) =
1
M
∑
α∈Ω
exp
(
iα(j − k)− iEαt
~
)
. (S-80)
The substitution of Eq. (S-79) into Eq. (S-73) leads to
δρˆj =
M∑
k=1
M∑
l=1
fˆ†k(0)fˆl(0)F (j, k, l, t)− ν, (S-81)
F (j, k, l, t) = g(j, k, t)∗g(j, l, t). (S-82)
Thus, we can derive the time evolution of the surface-height operator (S-75):
hˆj(t) =
M∑
k=1
M∑
l=1
G(j, k, l, t)fˆ†k(0)fˆl(0)− νj, (S-83)
G(j, k, l, t) =
j∑
m=1
F (m, k, l, t). (S-84)
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Similarly, the spatially averaged surface-height operator is given by
1
M
M∑
j=1
hˆj(t) =
M∑
k=1
M∑
l=1
G¯(k, l, t)fˆ†k(0)fˆl(0)−
ν
2
(M + 1), (S-85)
G¯(k, l, t) =
1
M
M∑
j=1
G(j, k, l, t). (S-86)
In the following, we denote fˆq(0) by fˆq for brevity.
By using Eq. (S-83), we obtain the following quantum averages:
〈hˆj(t)2〉 = ν2j2 − 2νj
M∑
k=1
M∑
l=1
G(j, k, l, t)〈fˆ†k fˆl〉+
M∑
k=1
M∑
l=1
M∑
p=1
M∑
q=1
G(j, k, l, t)G(j, p, q, t)〈fˆ†k fˆlfˆ†p fˆq〉, (S-87)
hav(t) =
M∑
k=1
M∑
l=1
G¯(k, l, t)〈fˆ†k fˆl〉 −
ν
2
(M + 1). (S-88)
Finally, we calculate the initial average in Eqs. (S-87) and (S-88). The initial state considered here is a staggered
state with ν = 1/2, which is given by
|ψ(0)〉 =
M/2∏
j=1
sˆ+2j−1|0〉 (S-89)
=
M/2∏
j=1
[
exp
(
ipi
2j−2∑
k=1
fˆ†k fˆk
)
fˆ†2j−1
]
|0〉 (S-90)
= exp
(
ipiDˆM−2
)
fˆ†M−1exp
(
ipiDˆM−4
)
fˆ†M−3 · · · exp
(
ipiDˆ2
)
fˆ†3 fˆ
†
1 |0〉 (S-91)
=
[M/2∏
k=2
exp
(
ipiDˆ2k−2
)]M/2∏
j=1
fˆ†2j−1|0〉 (S-92)
= exp
(
ipiD
)M/2∏
j=1
fˆ†2j−1|0〉, (S-93)
where we define an operator Dˆj =
∑j
k=1 fˆ
†
k fˆk and D is a real number. The quantum averages of Eqs. (S-87) and
(S-88) are calculated as
〈fˆ†p fˆq〉 =
{
1 (p = q ∈ Nodd);
0 (otherwise),
(S-94)
〈fˆ†k fˆlfˆ†p fˆq〉 =

1 (k = l = p = q, k ∈ Nodd);
1 (k = l, p = q, k 6= p, k ∈ Nodd, p ∈ Nodd);
1 (k = q, p = l, k 6= p, k ∈ Nodd, p ∈ Neven);
0 (otherwise)
(S-95)
with the set of odd (even) natural numbers Nodd (Neven). As a result, we obtain
〈hˆj(t)2〉 = 1
4
j2 − j
∑
k∈Nodd
G(j, k, k, t) +
∑
k∈Nodd
G(j, k, k, t)2
+
∑
k,p∈Nodd
k 6=p
G(j, k, k, t)G(j, p, p, t) +
∑
k∈Nodd
p∈Neven
G(j, k, p, t)G(j, p, k, t), (S-96)
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FIG. S-4. Time evolution of the surface roughness wq(M, t) for ν = 0.5, 0.375, 0.25, 0.125, and 0.015625. The system size is
M = 256. At the early stage of the dynamics, the growth of the surface roughness strongly depends on the filling factor ν, but
at the late stage it shows the 1/2 power-law growth except for the case with ν = 0.015625, which does not show any power-law
growth.
hav(t) =
M∑
k=1
G¯(k, k, t)− 1
4
(M + 1). (S-97)
Therefore, we can numerically calculate Eqs. (S-96) and (S-97), and then obtain the time evolution of wq(M, t) of
Eq. (S-48).
E. Dependence of wq(M, t) on the filling factor ν
Figure 5 in the main text shows the numerical result for the half filling. Here, we describe how the time evolution
of wq(M, t) changes depending on the filling factor ν. The initial state considered here is given by
|ψ(0)〉 =
N∏
j=1
sˆ+[j/ν−1]|0〉 (S-98)
with [· · · ] denoting the floor function. The particles are distributed at the equal interval for this initial state. By
slightly modifying the calculation for ν = 1/2, we can calculate time evolution of wq(M, t) for an arbitrary filling
factor (0 < ν < 1).
Figure (S-4) shows numerical results for ν = 0.5, 0.375, 0.25, 0.125, and 0.015625, from which we find that the power
law growth emerging at the late stage of the dynamics is insensitive to the filling factor ν and the power exponent β
is close to 1/2. However, the time region with the power-law growth becomes narrow as the filling factor decreases.
When ν is too small, we do not find any signature of the power-law growth of the surface roughness at least for the
numerically achievable system sizes. We expect that the absence of the power law growth is attributed to too weak
particle correlations. Here, we consider the case for ν < 1/2 because the dynamics for ν > 1/2 is equivalent to that
for 1− ν due to the symmetry of the XX model.
V. METHOD FOR EXTRACTING THE EXPONENTS IN THE ROUGHNESS GROWTH
From Figs. 4 and 5 in the main text, we find the clear Family-Vicsek (FV) scaling and obtain the exponents
(α, β, z) ' (0.517, 0.241, 2.07) and (0.501, 0.484, 1.00) for the high- and low-filling cases, respectively. Here, we describe
how to extract these values of the exponents.
19
The FV scaling in Fig. 1(b) is expressed by
wq(M, t) = s
−αwq(sM, szt), (S-99)
where s is a constant. Substituting s = Mref/M with the reference system size Mref = 32, we obtain
wq(M, t) =
(
M
Mref
)α
wq(Mref , t(M/Mref)
−z). (S-100)
Then, we define a deviation χ(α, z) for the FV scaling as
χ(α, z) =
1
Nsys
∑
M
∫
dt
∣∣∣∣wq(M, t)− ( MMref
)α
wq(Mref , t(M/Mref)
−z)
∣∣∣∣2. (S-101)
with the number of system size Nsys. By changing values of α and z, we can estimate the exponents by minimizing
the deviation.
For the exponent β, we estimate the values by applying the squared-least method to the data for the largest system
in Figs. 4 and 5 of the main text. The obtained exponents are 0.241 and 0.484 for the effective spin-1 model and the
XX model, respectively.
